We investigate the interplay between six-wave mixing (SWM) and four-wave mixing (FWM) resulting from atomic coherence and polarization beat in a four-level atomic system. The dressed FWM evolution and competition pathways can be controlled by the coupling field to exhibit two FWM and SWM turning points, FWM+SWM, and FWM+FWM interference regions. Quantum interference between two FWM or one FWM and one SWM channels leads to nonlinear signal enhancement and suppression under different conditions. The fifth-order nonlinear response can be obtained by the phase control of the polarization beat between the FWM and SWM signals.
Introduction
Multiwave mixing due to atomic coherence and polarization beat (PB) in multi-level atomic systems has attracted a lot of attention recently [1] [2] [3] [4] [5] . PB originates from the interference between the macroscopic polarizations that are excited simultaneously in the medium [3] [4] [5] . An important application of electromagnetically induced transparency (EIT) [1] is its ability to enhance the efficiencies of nonlinear optical processes. Two of the interesting nonlinear optical processes are four-wave mixing (FWM) and six-wave mixing (SWM), which normally have high efficiencies in closely-cycled four-level systems such as double-system [6] [7] [8] . Recently, SWM processes were observed in closed four-level atomic systems [7] . Such high-order SWM process is often obscured by sequential or parallel cascade third-order FWM processes that compete with the direct process and give similar time domain behaviour though they probe different overtone vibrational dynamics [9] . Garrett et al also explored the two-photon plus three-photon resonant FWM and SWM involving stimulated hyper Raman generation as opposed to pause cognate generation [10] .
Although triple resonance spectroscopy has been reported previously by fluorescence detection [11] , the current method is a coherence phenomenon, where atomic coherence is induced among different energy levels. Due to the parametric nature of this process, the signal is coherent radiation. Comparing with the earlier FWM [4, 5] or SWM work [7] , our system has some substantial advantages as follows: (i) the coherent interplay between the SWM and FWM processes through the EIT windows has been considered (EIT window-opened or enhanced nonlinear optical processes, which are otherwise closed); (ii) the evolution pathways of the dressed FWM have also been identified and studied [12] ; (iii) quantum interference (QI) between two FWM channels, or between one FWM and one SWM channels leads to substantial suppression and enhancement of the dressed FWM signals; (iv) PB of coexisting FWM and SWM results in the acquirement of the fifth-order nonlinear response.
Interplay between FWM and SWM
In order to understand such interplay between FWM and SWM in a folded four-level system, we present both steady state analysis without time delay (sections 2.1.1 and 2.1.2) and nonsteady state analysis with time delay (sections 2.2.1 and 2.2.2).
Steady state analysis without time delay
We consider a folded four-level system (figure 1) in which states between |0 and |1 , |1 and |2 and |2 and |3 are dipole allowed transitions with resonant frequencies 1 , 2 and 3 and dipole moments µ 1 , µ 2 and µ 3 , respectively. As shown in figure 1(d), beam 2 includes three colour-locked fields, E 2 (ω 2 , k 2 and Rabi frequency G 2 ), E 3 (ω 3 , k 3 and Rabi frequency G 3 ) and E 3 (ω 3 , k 3 and Rabi frequency G 3 ), and beam 3 has one colour-locked field, E 2 (ω 2 , k 2 and Rabi frequency G 2 ). A small angle exists between these two beams. Beam 1 is a monochromatic field E 1 (ω 1 , k 1 and Rabi frequency G 1 ), which propagates along the opposite direction of beam 2. Assuming near resonance, then E 1 drives the transition from |0 to |1 while E 2 drives the transition from |1 to |2 simultaneously, which induce atomic coherence between |0 and |2 through two-photon excitation [10] . This established atomic coherence is probed by E 2 in beam 3 and, as a result, a FWM signal of frequency ω 1 (beam 4) is generated almost opposite to the direction of beam 3, i.e., ρ (0) 00
10 (I). Next, we apply two coupling laser fields with same frequency ω 3 (≈ 3 ), both of which propagate along beam 2, to drive the transition |2 to |3 . The strong coupling fields E 3 and E 3 create dressed atomic states |+ and |− from the level |2 ( figure 1(c) ), which are the coherent superpositions of the states |2 and |3 . Physically, in the dressed-state picture, the suppression and enhancement of the dressed FWM signals are due to destructive and constructive interference between the two FWM channels: ρ (0) 00
10 (FWM + ) and ρ (0) 00
(FWM − ), respectively. On the other hand, in the bare-state picture, the simultaneous interactions of atoms with E 1 of beam 1, as well as E 2 and E 3 of beam 2, can induce atomic coherence between |0 and |3 through resonant two-photon or resonant three-photon transition [10] under particular conditions ( figure 1(b) ). This induced atomic coherence is then probed by E 3 of beam 2 and E 2 of beam 3 and, as a result, a SWM signal of frequency ω 1 (beam 4) is generated almost opposite to the direction of beam 3, i.e., ρ (0) 00
10 (II) (figure 1(e)). The phase evolution is illustrated by the Feynman diagram shown in figure 1(e). Such Feynman diagram provides a convenient approach to keep track of possible quantum mechanical path to a given order of electric field in a perturbative expansion of the optical Bloch equations. QI and PB lead to the interplay between these SWM and FWM processes. The specific evolution pathways of the dressed FWM can be controlled by the coupling field.
The Rabi frequencies are defined as 10 , 20 and 30 are the transverse relaxation rates between states |0 and |1 , |0 and |2 and |0 and |3 , respectively. The detuning factors are defined as 1 
The nonlinear polarization responsible for the dressed FWM signal is proportional to the off-diagonal density-matrix element ρ 10 . We will assume, as usual, that G 1 , G 2 and G 2 are weak, whereas the coupling field G can be of arbitrary magnitude. Thus, ρ 10 needs to be calculated to the order G 1 G 2 G 2 , but to all orders in G. Without the coupling field G, by virtue of the Liouville pathway (I), we obtain ρ (3)
10 is the density-matrix element of the pure FWM. In the presence of the coupling field G, the twophoton atomic coherence ρ (2) 20 can be obtained by solving the following coupling equations:
20 + iG 2 e ik 2 ·r ρ (1) 10 + iG 3 e ik 3 ·r ρ 30 and
In the steady state case ∂ρ (2) 20 ∂t = ∂ρ 30 /∂t = 0 and zero time delay τ = 0, we can obtain ρ (2) . Note that ρ 10 is not a purely third-order nonlinearity ρ (3) 10 , instead it denotes the dressed FWM, including fifth-order nonlinear responses.
Under assumption ζ 
and AT is the three-photon resonant Autler-Townes (AT) splitting. In the limit of G 20 & 30 , AT ≈ 2G and the linewidths of these two separate FWMs are approximately . When the coupling field becomes large enough (G → ∞), two FWM peaks will diminish and disappear completely ρ 
The dressed FWM process converts to a coherent superposition of signals from FWM and SWM in the weak coupling field limit. The first term in the above equation corresponds to the two-photon resonant FWM (third-order response, linewidth 2 20 ) described by the perturbation chain (I), while the second term corresponds to a three-photon resonant SWM (fifth-order response, linewidth 2 30 ) described by the perturbation chain (II). The indistinguishable FWM and SWM processes lead to QI between them. The interference signal of FWM and SWM is ρ −−→ |3 -type EIT with condition 1 = − 2 = − 3 ), the generation of the SWM signal is quite efficient. Such reduced linear absorption can open the nonlinear window, which is generally closed due to strong absorption [12] . It can be proven easily that the ratio between the SWM and FWM signal intensities at resonance is approximately I S /I F ≈ ζ 2 (figure 2, right inset). When the coupling field is weak enough (ζ ≈ 0), ρ 10 completely evolves into ρ (3) 10 (i.e., ρ 10 ≈ ρ (3) 10 ). On the other hand, we can also obtain the atomic coherence ρ (5) 10 with three-photon resonance via SWM Liouville pathway (II) ρ (5) 
At the value ζ ≈ 1.6 ( 1 = 2 = 3 = 0), we have ρ 10 ≈ ρ (5) 10 .
Evolution of FWM and SWM in the dressed FWM spectrum.
Next, we discuss competition between FWM and SWM in the dressed FWM spectrum. The dressed FWM evolution pathways can be controlled by the coupling field:
. When state |2 is coupled to state |3 by the coupling field, QI between two dressed FWM channels via the common state, or FWM and SWM channels, leads to the suppression and enhancement of the dressed FWM signal. The physical origin of this beat is the interference between indistinguishable quantummechanical pathways, and such QI can lead to the cancellation of spontaneous emission [2, 13] . Specifically, |+ and |− dressed states are very close (smaller than the linewidth) and can be excited simultaneously. The spontaneous emission from the pair of dressed states (|+ and |− ) to lower state (|1 ) can be reduced or even cancelled under certain condition. The dressed FWM signal intensity is suppressed when the frequency of the coupling field is scanned across the resonance (figure 2). There exists the maximum suppression at double EIT condition 1 = − 2 = − 3 . We can easily obtain the suppressed depth of the dip and linewidth in the spectrum as D = 1 − (ζ + 1) −2 and w = 2 30 (1 + ζ ), respectively, which in the limit of ζ 1 become D = 0 and w = 2 30 . Since 20 can be obtained directly from the FWM spectrum of I F , both G and 30 can be deduced through D and w. In the limit of G 20 & 30 , G can also be obtained by the AT splitting 2G. So the transition dipole moment between two highly excited states can finally be obtained via G = ε 3 µ 3 /h. Recently, the power-dependent AT splitting of lines in the upper-level fluorescence excitation spectrum has been used as a spectroscopic tool for the measurement of transition dipole moments [11] . Compared to their method, our technique has the following advantages: (i) due to the driveback prime beams (including two-colour −ω 2 and −ω 3 ), our signal is a well directed and strong coherent light beam; (ii) the coupling field in our scheme can be below saturation, so that the transitions with small dipole moments can be studied; (iii) our method can measure the transition dipole moment between |2 and |3 , which has such a long radiative lifetime that a direct detection of the fluorescence is difficult.
Competition of dispersion and absorption in the dressed FWM signal intensity.
Now, we consider the competition of the dispersion and absorption contributions to the dressed signal intensity (the suppression and enhancement mainly originate from the absorption and dispersion of the dressed FWM, respectively). The intensity of light is proportional to |χ | figure 3(a) ). The suppression and enhancement of the dressed FWM mainly originate from the absorption and dispersion of FWM, respectively. When we increase the coupling field G, the contribution of SWM then becomes dominant (Re χ S and Im χ S present the same order of contribution) ( figure 3(b) ). Figure 3(a) shows dramatic suppression from Im χ F , while figure 3(b) shows dramatic enhancement from Re χ S . Therefore, there exists a strong competition between FWM and SWM in the dressed FWM spectrum. Multidimensional solitons and light condensates have been predicted in a double-EIT system with competitive and giant χ F and χ S of opposite signs [14] .
Non-steady state analysis with time delay

Colour-locking phase control of fifth-order nonlinear response.
Let us now consider PB between FWM and SWM in the time domain (non-steady state analysis). As mentioned before, in the weak coupling field limit (ζ 1) the dressed FWM signal can be represented as a coherent superposition of the signals from FWM and SWM, i.e., ρ 10 ≈ ρ 10 in general, this technique can be regarded as a heterodyne detection of the SWM with the FWM signal as the optical local oscillator. The heterodyne beat signal is proportional to the real or imaginary part of the SWM complex susceptibility at the particular controllable time delay. That is to say, in heterodyne detected SWM, phase information is retained and one can take a full measure of the fifth-order complex susceptibility χ S , including its phase. Physically, the heterodyne beat of the dressed FWM signal comes from PB between FWM and SWM Liouville pathways: ρ (0) 00 The polarization P (n) responsible for FWM or SWM is given by averaging over the velocity distribution function w(v) [3] [4] [5] . Since the dressed FWM τ -dependent behaviour is dominated by terms that contain only intra-atomic correlation [5] , there is no τ -dependent interaction between inter-atomic correlations. Under these circumstances, the nonlinear polarizations on each of the two generic atom groups in the biatomic group model become independent [9] . As such, the approximation | P (n) | 2 = |P (n) | 2 can be made. In other words, the correct τ -dependent form of the signal intensity follows from the absolute square of the non-trivial stochastic average of the polarization | P (3) + P (5) | 2 (averaging at the field level). Of course, this relation does not hold for noisy light spectroscopies in general [4, 9] .
In dealing with the gas-phase atomic medium, we made an approximation by averaging at the field level, which only involves second-order correlation functions for the noise fields. We can obtain FWM and SWM polarizations for the non-steady state case as
Here,
The factors S 1 (r), S 2 (r), θ (I ) (v) and θ (I I ) (v) are provided in [4, 5] .
(i) τ < 0 In lifetime-broadened limit, by virtue of
we can obtain the nonlinear responses at field level to be
N is the atomic density. The complex susceptibilities are greatly modified by the colour-locked noisy fields (figure 4), which also show hybrid terahertz Rabi detuning oscillation (RDO) [4, 9] . Specifically, the giant χ F and χ S with opposite signs strongly depend on linewidth α i and time delay τ in broadband case, while it generally becomes independent of α i and time delay τ in narrowband. One can obtain the fifth-order susceptibility by phase control (at particular τ ). In the homodyne beat detection,
If η 0 is a real number, then
* ε 3 e i k·r /h 2 = η 0 e i k·r , the spatial dependence in η can be neglected in a typical experiment. Although the complex susceptibilities (nonlinear responses) are greatly modified by the colour-locked noisy fields, they can still be obtained effectively in the ideal limit. In the heterodyne detection, we assume that |P F | 2 |P S | 2 at intensity level (|χ F | |χ S | at field level), so the reference signal (FWM) originated from the ω 2 frequency components of the twin noisy beams 2 and 3 is much larger than the SWM signal originated from the ω 2 and ω 3 frequency components of the twin noisy beams 2 and 3. So
The subtle phase coherence control can effectively be employed to yield the real and imaginary parts of χ S . If we adjust the time delay τ and r such that θ F + θ = 2nπ (i.e., τ = [2nπ + k·r − θ F (τ )]/ω 3 , the value of integer n depends on the sign of τ sensitively), then I (
. In other words, by changing the time delay τ we can obtain the real and imaginary parts of χ S ( 1 , 2 , 3 ) (figure 4).
(ii) τ > 0
We can obtain
- In the heterodyne beat detection,
In the limit of narrowband (α 2 , α 3 20 , 30 ) and tail ( 20 |τ |, 30 |τ | 1) approximation, it is then straightforward to obtain χ F = χ F 0 d ( 1 , 2 , 3 ) are completely independent of α i of the colour-locked noisy lights and time delay τ , and correspond to the non-modified nonlinear dispersion-absorption expressions. Close inspection of equations (4(a)) and (5) reveals rich dynamics of the colour-locked noisy field correlation effects [4, 9] , the dramatic competition between sub-femtosecond ultrafast PB and hybrid terahertz RDO and τ -dependent asymmetry behaviour of the SWM signal (figure 5).
Controllable intra-or inter-atomic polarization interference.
We now discuss the controllable intra-or inter-atomic polarization interference (PI). In a Doppler broadened system, the induced polarization is sensitive to the atomic velocity; interference exists between nonlinear polarizations of atoms with different velocity motions. This interference can have strong impact on the FWM or SWM spectra. To investigate it, instead of calculating |P 10 changes sign on the wings of both the v < 0 and v > 0 sides, destructive PI occurs between atoms, thereby suppressing the total polarization of the dressed FWM. The degree of destructive interference depends on k 2 /k 1 . Specifically, the destructive interference between polarizations of atoms with different velocities causes broadening of the dressed FWM linewidth. The coupling field G 3 can control the degree of destructive interference, thus reducing the linewidth. Furthermore, PB originates from the interference between the macroscopic polarizations simultaneously excited in at least two distinct resonances [2] [3] [4] [5] . In contrast, the induced PI originates from the interference between polarizations induced in the same transition with a Doppler-shift frequency and can also be controlled by the coupling field (figure 2).
Discussion and conclusion
Higher order time-resolved nonlinear optical processes can often be obscured by sequential or parallel cascade lower order processes that compete with the direct event and give similar time domain behaviours [9] . Unlike the direct fifth-order case, cascade third-order processes must simultaneously satisfy two related phase-matching conditions. There exist sequential cascade FWM processes in our folded four-level system [8] , which can obscure the direct SWM process, i.e., (a) ρ (k sc = k m + k 3 − k 2 and ω sc = ω m + ω 3 − ω 2 = ω 1 ). The direct three-photon SWM signal with frequency ω 1 will be emitted along the direction k 1 + k 2 − k 3 + k 3 − k 2 , while two sequential cascade FWM signals propagate along the directions of k m and k sc , respectively. Due to the weak population of state |3 and the optical pumping of the strong coupling field G 3 , the direct fifth-order process shows much stronger behaviour than the cascade third-order processes in our folded four-state system. In principle, there also exist other possible SWM pathways: ρ 10 . However, these SWM processes have much smaller contributions and will not be discussed here.
In conclusion, QI between two FWM, or one FWM and one SWM channels, leads to signal suppression and enhancement. This suppression and enhancement mainly originate from the absorption and dispersion of FWM and SWM, respectively. The fifth-order nonlinear responses can be obtained under different conditions by controlling the phase of the PB between FWM and SWM signals. QI and PB in this multi-level atomic system result in the interplay between SWM and FWM processes. Especially, the dressed FWM evolution pathways can be controlled by the coupling field strength, i.e., FWM + + FWM − (ζ 1) ↔ SWM (ζ ≈ 1.6) ↔ FWM + SWM (ζ 1) ↔ FWM (ζ ≈ 0). Although we only discussed this interplay and phase control in the folded four-level system, our method can be applied to other types of hot or cold atomic systems, such as double-and four-level cascade configurations.
